Abstract-The homogenization design method (HDM) is extended to obtain an optimal topology of magnetic fields. This is accomplished by maximizing the magnetic mean compliance in a given region of the device. HDM is applied to a three-dimensional case, taking into account the saturation effect of the material. Results show that HDM is valid to maximize the vector potential and the magnetic energy. This method can also be applied to increase the performance of motors and antennas.
I. INTRODUCTION
T HE SYNTHESIS of a shape in engineering amounts to determining the geometry or topology of an electromagnetic (EM) system satisfying prescribed performance. Such a synthesis problem can be divided into two categories: ordinary synthesis and optimal synthesis. Ordinary synthesis problems are performed using integral and regularization approaches [1] . These methods cannot guarantee optimal solution even though such a solution can be obtained by choosing an appropriate function space to find the regularization parameter. Optimal synthesis problems are carried out using some optimization process. Basically, optimal synthesis procedures usually employ some optimization method in conjunction with an objective function.
In the context of optimal synthesis, the geometrical or electrical optimal values are obtained through some iteration process. The design variables are first initialized and are subsequently updated at each iteration. This continues until the design variables converge to the optimal values. Fig. 1 shows the iterative optimization process. As seen, the optimization process is composed of two parts: a field calculation process using some analytical or numerical method and an optimization solver to update the design variables such as linear programming, genetic algorithms, etc.
Among the available analysis techniques, the finite-element method is most suitable for our purposes. It allows for complete material generality and geometrical topology adaptability. It has thus been extensively used for complex material and geometry modeling.
With regards to optimization solvers and design techniques, direct or gradient-based methods can be used. The latter are quite powerful and have been extensively used in EM design [2] - [4] . However, so far these methods have been restricted to shape optimization rather than topology optimization. More specifically, previous approaches did not consider material and complete structural optimization.
In this paper, we combine the gradient-based optimization methods with the homogenization theory for optimal design of magnetic devices such as a C-shape iron core (hereafter referred to as C-core) and an H-shape iron magnet core (hereafter referred to as H-magnet). By using the homogenization design method (HDM), we can obtain the optimal topology of a structure while other methods can only provide boundary shape change.
The HDM was introduced by Bendsøe and Kikuchi [5] to determine the optimal material distribution in a design domain and has been applied to many elastic structure cases [6] , [7] . In this paper, for the first time, we consider the application of HDM to electromagnetics.
In our approach, the finite-element method is combined with the sequential linear programming (SLP) [8] method. For design, the homogenization theory is used to define the homogenized permeability values, which are assigned at each iteration process in accordance with the design variable updates during the design process. The objective function to be optimized in our design process is the energy functional for maximizing magnetic mean compliance.
II. PROBLEM DEFINITION
The geometries of interest are a simple C-core and an H-magnet shown in Figs. 2 and 3 , respectively. In both cases, we are particularly interested in an optimal design of the tip's shape forming the air gap.
More specifically, we wish to maximize the magnetic energy in the air gap region. Saturation effects of the material must also be considered.
III. HOMOGENIZATION IN MAGNETIC FIELD
In the homogenization design method, it is convenient and practical to introduce homogenized material properties, i.e., homogenized permeability, which can then be updated during the design iteration. This allows for a practical construction of the core since the equivalent homogenized permeability can be realized using perforated cells of a given core material. The homogenized permeability is related to the actual perforated structure on the basis of the homogenization theory [9] . Below, we develop this relationship prior to considering the actual optimization process for the C-core and the H-magnet.
A. Concept of the Homogenization Design Method
The concept of HDM is to obtain the macroscale optimal shape based on the unit cell of a microstructure, which has a hole inside perforation. During the optimization process, the size of the inner hole is continuously updated. If the hole size of the unit cell is zero, the unit cell becomes a solid. On the other hand, if the hole size is equal to the unit cell size, that cell becomes a void. By changing the hole size, the material is transferred from a solid to a hollow sector, and this allows for complete material and shape optimization. The final distribution defines the optimal topology in a design domain. Since this method is based on the shape change of a unit cell, the finite-element method is used for numerical analysis. Fig. 4 shows the design domain composed of the inhomogeneous composite material. The macroscale design domain consists of a finite number of finite elements. However, each finite element can be decomposed into infinite number of unit cells, which are allowed to have rectangular perforation whose size is updated at each iteration. Hereafter, will represent the macroscopic level coordinate, whereas will denote the microscopic level coordinate. The computational domain is an open connected domain in with smooth boundaries. It consists of an infinite number of microstructures, each of which has a hole, as shown in the figure. defines the boundary region occupied by the electric current density excitation and is the fixed boundary region in domain . Fig. 5 demonstrates the relation of these two coordinates. The origin of the microscopic coordinates will be at or near the center of the microscopic cell. Thus, is proportional to , where denotes the coordinate shift between the global and the microscopic system origins. It is also convenient to normalize so that its range is zero to unity; thus we define the relation (1) where is a small factor such that , and . If the microscopic cells are of different size, then take different values for each cell to ensure the proposed normalization. Fig. 6 shows a three-dimensional microstructure. The unit cell in three dimensions has a body hole of width 1-, depth 1-, and height 1-. The size of the body hole , and rotation angle are the design variables. In each unit cell, the latter defines the rotation, which can be used to express permeability of the unit cell in the rectangular coordinates (2) Here, represents the homogenized permeability of the homogenized/perforated unit cell. In a microstructure, the homogenized density, which expresses the material distribution of the design domain, is calculated considering the hole size as follows: (3) where is the original density material. Example data lines that describe the cells are given below
The first line gives the hole dimensions and the latter three refer to the permeability tensor. Here, the permeability matrix is assumed to be orthogonal. Also, the diagonal components have the same value since the material is assumed isotropic. The above four data lines for each cell will be used to define the corresponding homogenized permeability values during the optimization process.
B. Mathematical Formulation
Next, we proceed with the exercise of developing a correspondence between the perforated cell and its homogeneous value prior to proceeding with the optimization design process.
Maxwell's equations for deriving the homogenized permeability are (4) and (5) The presence of enters through the constitutive relation (6) where is assumed to be an orthotropic 3 by 3 matrix. Since each element in is composed of a periodic microstructure as shown in Fig. 4 , within this microstructure will also be periodic and of the form (7) Here, is the coordinate of a point in macroscale while is the coordinate defined in a unit cell characterizing a microstructure.
defines the unit cell as
Within each microstructure, we propose to expand the magnetic field as (9) where, as before, is small so that the second term to the left side of (9) brings in the effect of the hole in the microstructure. If only the magnetic field of the macroscale is considered, (9) simply becomes . It also follows that (10) Since and in (5) are not functions of , further, faced on the identity , we can express as (11) where is also a periodic function with a period and has a scalar value.
can be thought as the average value of within the cell. Clearly, the second term to the right side of (11) represents the macroscale value and the first term represents the microscale value, a perturbation. Further, , we also have (12) To solve for , let us propose the following expression: (13) where is the characteristic magnetic field strength in the unit cell and has three components if is a 3 by 3 matrix. On substituting (13) into (12), we obtain (14) where is factored out since it is not a function of the microstructure parameter . To solve (14) for , let us consider its components, namely where represents the weighted function. By solving (16), we obtain the characteristic magnetic field strength and the corresponding magnetic field in the microstructure. To determine the homogenized value of , we express the constitutive relation using the mean values of the fields within the microstructure as follows: (17) thus, represents homogenized permeability. It is computed from (18) where is obtained upon solving (16).
IV. OPTIMIZATION PROCESS
Having for each of the microcells, we now proceed with the optimization process. Fig. 7 shows the structural optimization process using the homogenization design method. The homogenized permeability is first calculated based on the homogenization theory discussed in the previous section. Using this value, the optimal topology can be obtained based on certain objectives and constraints.
A. Objective Function
The structural optimization problem is based on the energy value of a structure, and the objective function is generally formulated to maximize or minimize the energy. The magnetic energy obtained in a volume is given by [10] ( 19) where is the inverse of the homogenized magnetic permeability.
If the nonlinear saturation effects of the material are also considered, in (19) can be generalized to (20) where represents the permeability considering saturation. However, it is difficult to calculate the magnetic energy using (20) because cannot be represented as a single equation. Since the finite-element method is used in the field solution in conjunction with an iterative solver, the value of is recalculated at each iteration until the convergence is obtained. Upon convergence, the magnetic energy is then computed from (21) where converged value for each element; inductance; coil excitation current. The objective function in magnetic fields can be defined as the function for maximizing the mean compliance in the design domain. Specifically, the optimization problem can be defined as subject to (22) where represents magnetostatic energy in a design domain defined as magnetic mean compliance, and constraint defines maximum volume ratio allowed in a design domain. The inductance is given by (23) Total potential energy within is also given by
Thus, minimizing the total potential energy is the same as maximizing the mean compliance. The design procedure goes as follows. Suppose is the design variable (in our case, it is the hole size of a microstructure, which in turn defines the homogenized permeability). Then our goal is to find so that is minimized. To this end, we take the variation of with regard to and set it to zero to solve for . The variation of is (25) Using (21),we can cancel the first and third terms to obtain the sensitivity for design variable
For optimization of magnetic structures, a large number of design variables must be considered. Specifically, HDM requires six design variables per three-dimensional (3-D) element, and the sensitivity value of can be negative since the flux density can be defined as the curl of the magnetic vector potential. Therefore, to satisfy these constraints, SLP is used as the optimization solver even though it may not converge as fast as optimality criteria method.
V. NUMERICAL EXAMPLES
In this section, the tip shape of a C-core and an H-magnet are optimized. The number of design variables depends on the number of finite elements in a design domain. Iterations are converged after 50-60 iterations for each case. Suggested optimal shapes can be manufactured using a technique such as image processing [12] . Fig. 8(a) demonstrates the finite-element model for the original structure of C-core. The iron core is adjacent to the air gap and has a simple rectangular shape. A hexahedral eight-node element is used to discretize the 3-D domain for analysis. Fig. 8(b) shows the flux flow of the structure prior to shape and topology optimization.
A. C-Core Example
For optimization, our goal is to modify the core shape so that the mean compliance is maximized over a chosen region. The particular interest is the gap region where we desire to have maximum force and stored energy. Thus, we selected the shown sector designated "design domain" in Fig. 9(a) for optimization. For this sector, the goal is to find the values necessary to optimize the objective function. Fig. 9(b) shows the optimal shape of the design domain that maximizes the mean compliance subject to a 60% volume constraint. In the figure, the black part represents high-density material. Table I compares the average vector potential, the average flux density, and the magnetic energy between the original model shown in Fig. 8(a) and the optimized model in Fig. 9(b) in the design domain for the nonlinear analysis case. As can be seen from the table, the average vector potential and the total magnetic energy are greatly increased. The flux density value in the -direction shows a large increase because there is no iron core that affects the flux flow in this example. Fig. 10(a) demonstrates the initial quarter sector and the associated discrete model of an H-magnet. The design objective is similar to the previous example. The goal is to modify the core shape, especially the part adjacent to the air gap so that the mean compliance is maximized over a chosen region. Fig. 10(b) shows the flux flow of the structure prior to the topology optimization. Fig. 11(a) shows the design domain iron sector to be optimized, and Fig. 11(b) shows a 3-D view of the optimal structure obtained after maximizing the mean compliance subject to the 70% volume constraint for the design domain. A modified core shape adjacent to the air gap can be observed. Fig. 11(c) shows the flux flow of the optimized structure. When compared to Fig. 10 (b), this shows a much different pattern especially in the original air-gap region, which was part of the design domain. Table II compares the average vector potential, the average flux density, and the magnetic energy in the design domain between the original model shown in Fig. 10(a) and the optimized model in Fig. 11(b) . As in the case of the C-core, we observe an increase of these values in the optimized design. However, the increase rate is not as large as in the previous case. The reason can be attributed to the existence of the upper iron core, which affects the flux flow in the design domain without any current source around. The homogenization design method has been extended to obtain the optimal shape of magnetic devices. The homogenized permeability values were obtained by applying the homogenization theory to a microstructure, and these values were then used as input data in the optimization process.
B. H-Magnet Example
The optimization problem was defined to maximize the mean compliance or minimize the potential energy within a given sector of the device and nonlinear and saturation effects of the magnetic material were considered. Our results verified that the newly developed optimization process successfully increased the averaged vector potential and the total magnetic energy in a design domain.
